Functional analysis
List O

Zad 1. Let x,y € R" and p > 1. Prove Hdlder inequality (1884):

Zi: l2(k)y (k)| < (i |x(k:)|p)’1’(i |y(k:)|q)3,

where ¢ > 1 is such that % + % = 1. Moreover check that this inequality becomes
equality if and only if

Irer Vie1,.n  |2(R)|? = Aly(k)|%

Zad 2. Show that for p > 1 the function ||z|, = (3 ;_, |m(k:)|p)% is a norm in R™.

Zad 3. Examin the limit lim, . ||z||,, € R", and show that ||z|/. = max;<g<n |2(k)|
is a norm in R".

Zad 4. Show that the sequence {z}ren in the space (R™, || - [,), p € [1,00], is
convergent to o if and only if limg .o, (i) = x¢(3) for all i = 1, ..., n.

Zad 5. Prove that (R™, || - ||,), p € [1, 00|, are Banach spaces.

Zad 6. Let A: (R™,| -|,) — (R™,] - |l;) be a linear map with the corresponding
matrix [a;;] 1<i<m. Prove that, the norm of operator A
1<j<n

a) for p=1 and ¢ = oo is expressed by the formula ||A|| = maxi<i<m |a;;],
15550

b) for p = ¢ = oo is expressed by the formula ||A|| = maxi<i<m >, |al,

¢) for p = ¢ = 2 is limited by the following inequalites

IYZRJ%.X|aij| <A< > layl
9, 1:7‘7-

Zad 7. Compute the norms of operators acting on the euclidean space (R?, || - ||2)
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